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Abstract
This paper is a study of certain topological group topologies on the weak or restricted direct sum
of a family of abelian topological groups. Amongst the topologies studied are the topology of the
coproduct in the category of abelian topological groups and Kaplan’s asterisk topology. A simple,
explicit description of the coproduct topology is given, and a detailed investigation is made of the
relations between the coproduct topology, the asterisk topology and several other topologies of
interest. The reflexivity properties of the topological coproduct are also analysed. In particular, it
is shown that the coproduct of a family of locally compact Hausdorff abelian topological groups is
reflexive if and only if all but countably many of the groups are discrete.  2002 Elsevier Science
B.V. All rights reserved.
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1. Introduction
The existence and certain fundamental properties of the coproduct in the category
of abelian topological groups can be established by essentially standard arguments of
a general, often categorical, nature. More detailed information, however, requires closer
analysis. In this paper, we begin such an analysis. We have three main aims. The first is
to give a simple, explicit description of the coproduct topology. Recent years have seen
such descriptions given of the topologies of free topological groups and free uniform
groups [9,12], and of free abelian uniform groups [13], and our description of the coproduct
topology is a logical addition to this set of results. Our second aim is to investigate a
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range of topologies on the abstract coproduct and their relations to one another and to the
coproduct topology. Apart from the coproduct topology itself, some of these topologies
were introduced specifically in order to study the coproduct [6], others were introduced
in a study of the reflexivity of general abelian topological groups [7], and still others are
introduced here, partly to provide a uniform framework for the whole discussion. Our third
aim is to examine the reflexivity properties of the coproduct. Once again, work of recent
years has brought our understanding of the reflexivity properties of free abelian topological
groups to a largely satisfactory level [2,10], and it is natural to seek a similar understanding
in the case of coproducts. From our analysis it follows that the coproduct of a family of
locally compact Hausdorff abelian topological groups is reflexive if and only if all but
countably many of the groups are discrete.
Let {Ai} = {Ai}i∈I be a family of abelian topological groups. As noted above, the
existence and basic properties of the coproduct of the family {Ai} in the category of
abelian topological groups can be proved by straightforward arguments. (A few of these
are outlined in the opening paragraphs of [6].) Some of the properties that we will take for
granted and use freely here, along with the existence statement, are as follows.
First, the underlying abstract group of the topological coproduct is the coproduct in
the category of abelian groups of the family of abstract groups underlying the {Ai}:
namely, the weak or restricted direct sum
∑
i∈I Ai of the {Ai}. (We denote the underlying
abstract group of Ai by Ai again.) Thus, a typical element of the (algebraic or topological)
coproduct has the form (xi) = (xi)i∈I , where xi ∈ Ai for all i and xi = 0 except for a
finite number of indices i , and we may write the element (xi) if need be in the form∑
i∈I xi . Second, the canonical mapping of each group Ai into the topological coproduct
is a topological isomorphism onto its image. This fact allows us to identify each Ai with its
image in the coproduct, not only algebraically but also topologically. Third, the topology
on the topological coproduct is the strongest topological group topology on
∑
i∈I Ai
that induces the original topologies on the {Ai}. In particular, the coproduct of a family
of discrete abelian topological groups is discrete. Fourth, there is a natural associativity
in the formation of the coproduct, which we can characterise informally by saying that
coproducts of coproducts are coproducts.
The coproduct topology is just one of a number of topologies on the abstract coproduct∑
i∈I Ai that we will discuss below, and for this reason we reserve the notation
∑
i∈I Ai
for the abstract coproduct, and specify any associated topology T explicitly, as in
(
∑
i∈I Ai,T ).
2. Topologies on the coproduct
2.1. A general construction
Let G be a fixed abelian topological group. We will call a sequence {Un} ≡ {Un}n∈N of
open neighbourhoods of 0 in G a descending sequence if U1 ⊇ U2 ⊇ U3 ⊇ · · · . We will
further call a collection U of descending sequences in G a compatible collection if the
following conditions are satisfied.
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(U-l) For each open neighbourhood U of 0, there exists {Un} ∈ U such that U1 ⊆U .
(U-2) For each {Un} ∈ U, there exists {Vn} ∈ U such that Vn ⊆Un+1 for all n ∈N.
(U-3) For each {Un} ∈ U, there exists {Vn} ∈ U such that 2Vn ⊆Un for all n ∈N.
(U-4) For each {Un} ∈ U, there exists {Vn} ∈ U such that −Vn ⊆Un for all n ∈N.
(U-5) For all {Un} and {Vn} ∈ U, there exists {Wn} ∈ U such that Wn ⊆ Un ∩ Vn for all
n ∈N.
For any fixed descending sequence U = {Un} ∈ U, and for x ∈G, we define
(x/U)=

1, if x /∈ U1,
1/2n, if x ∈ Un and x /∈Un+1 for some n ∈N,
0, if x ∈ Un for all n ∈N.
Now let {Ai}i∈I be a family of abelian topological groups, and write A=
∑
i∈IAi . Sup-
pose that Ui is a compatible collection of descending sequences of open neighbourhoods
of 0 in Ai for each i ∈ I . For each family (Ui )≡ (Ui )i∈I of descending sequences chosen
from the cartesian product
∏
i∈IUi , we define (omitting the inner pair of parentheses on
the left)
N(Ui )=
{
(xi) ∈A:
∑
i∈I
(xi/Ui ) < 1
}
.
(This definition is inspired by one of Kaplan [7], which we will reproduce and study in
Section 2.2 and later parts of this paper.)
Theorem 2.1. The collection of all sets N(Ui ), as (Ui ) runs through
∏
i∈IUi , forms an
open neighbourhood base at 0 in A for a topology which makes A into a topological group
and induces the original topology on each factor Ai .
Proof. We use the criteria of [5, Theorem 4.5] to show that the sets N(Ui ) define a group
topology.
(i) The first criterion requires that for each family (Ui ) there exists a family (Vi ) such
that 2N(Vi )⊆N(Ui ). Consider a given (Ui ), with Ui = {U(i)n } for each i . Using conditions
(U-2) and (U-3), we can find a (Vi ), with Vi = {V (i)n } for each i , such that 2V (i)n ⊆ U(i)n+1
for each n. For any fixed i , and for x, y ∈ Ai , suppose that max((x/Vi ), (y/Vi ))  1/2n
for some n  1; then we have x, y ∈ V (i)n , and hence x + y ∈ U(i)n+1, and therefore
((x + y)/Ui ) 1/2n+1. Hence we have, for such an x and y ,(
(x + y)/Ui
)
 12 max
(
(x/Vi), (y/Vi )
)
. (1)
Suppose now that (xi), (yi) ∈N(Vi ), so that we have∑
i∈I
(xi/Vi ) < 1 and
∑
i∈I
(yi/Vi ) < 1.
Clearly, for each i there is an n 1 such that max((x/Vi ), (y/Vi)) 1/2n. If we set
I1 =
{
i: (xi/Vi ) (yi/Vi )
}
and I2 =
{
t : (xi/Vi ) < (yi < Vi )
}
,
then, using (1), we have
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∑
i∈I
(
(xi + yi)/Ui
) = ∑
i∈I1
(
(xi + yi)/Ui
)+∑
i∈I2
(
(xi + yi)/Ui
)
 12
∑
i∈I1
(xi/Vi )+ 12
∑
i∈I2
(yi/Vi )
< 12 + 12 = 1,
and we have (xi)+ (yi)= (xi + yi) ∈N(Ui ), as required.
(ii) The second criterion requires that for each (Ui ) there exists (Vi ) such that −N(Vi )⊆
N(Ui ), and this is proved similarly, using condition (U-4).
(iii) The third criterion requires that for each (Ui ) and for each (xi) ∈N(Ui ), there exists
(Vi ) such that (xi)+N(Vi )⊆N(Ui). Let
J = {i ∈ I : (xi/Ui ) > 0},
K = {i ∈ I : (xi/Ui )= 0 and xi = 0}
and
L= {i ∈ I : xi = 0}.
Since (xi) ∈N(Ui ), we have∑
i∈I
(xi/Ui )=
∑
i∈J
(xi/Ui )= s < 1,
say. Choose p,q ∈N such that
1
2p
<
1− s
2|K| and
1
2q
<
1− s
2
.
For i ∈ J , we have xi ∈ U(i)li , where li = − log2(xi/Ui ), and we pick an open neigh-
bourhood Vi of 0 in Ai such that xi +Vi ⊆ U(i)li . For i ∈K , we have xi ∈U
(i)
l for all l ∈N,
and we pick an open neighbourhood Vi of 0 in Ai such that xi + Vi ⊆U(i)p . For i ∈ L, we
have xi = 0, and we pick an open neighbourhood Vi of 0 in Ai such that Vi ⊆ U(i)q+1. We
now construct Vi = {V (i)n } for all i ∈ I , as follows: for all i ∈ J ∪K , we use condition (U-1)
to choose {V (i)n } so that V (i)1 ⊆ Vi ; and for all i ∈ L, we use condition (U-2) to choose
{V (i)n } so that V (i)n ⊆U(i)q+n for all n. Let (yi) ∈N(Vi ). Then for i ∈ J , we have
xi + yi ∈ xi + V (i)1 ⊆ xi + Vi ⊆U(i)li ,
so that(
(xi + yi)/Ui
)
 1
2li
= (xi/Ui ),
and therefore∑
i∈I
(
(xi + yi)/Ui
)

∑
i∈J
(xi/Ui )=
∑
i∈I
(xi/Ui )= s. (2)
For i ∈K , we similarly have xi + yi ∈U(i)p , so that ((xi + yi)/Ui ) 1/2p, and therefore∑
i∈K
(
(xi + yi)/Ui
)
 |K|
2p
<
1− s
2
. (3)
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For i ∈ L, we have xi + yi = yi , and since∑
i∈L
(yi/Vi )
∑
i∈I
(yi/Vi ) < 1
and V (i)n ⊆ U(i)q+n for all n, we have∑
i∈L
(
(xi + yi)/Ui
)=∑
i∈L
(yi/Ui ) < 12q <
1− s
2
. (4)
From (2), (3), and (4), we therefore have∑
i∈I
(
(xi + yi)/Ui
)
< 1,
and we conclude that (xi)+N(Vi )⊆N(Ui ), as required.
(iv) The fourth criterion is trivial for abelian groups.
(v) The fifth criterion requires that for each (Ui ) and (Vi ), there exists (Wi ) such that
N(Wi )⊆N(Ui )∩N(Vi ), and this is proved easily using condition (U-5).
Thus, the sets N(Ui ) induce a group topology on A. Finally, we confirm that the
factors Ai inherit their original topologies. Fix i0 ∈ I . If N =N(Ui ), then we have
N ∩Ai0 =
{
(xi): xi = 0 for i = i0 and (xi0/Ui0) < 1
}
= {(xi): xi = 0 for i = i0 and xi0 ∈ U(i0)1 }
= U(i0)1 .
Therefore, the induced topology on Ai0 is contained in the original topology. Conversely,
if U is an arbitrary open neighbourhood of 0 in Ai0 , then by condition (U-l) there exists
(Ui ) such that U(i0)1 ⊆ U , and so by the above argument, we have N ∩ Ai0 = U(i0)1 ⊆ U ,
and the original topology on Ai0 is contained in the induced topology. ✷
We denote by T ({Ui}) the topology defined on A=∑i∈IAi by the collections {Ui}.
2.2. The box, asterisk and coproduct topologies
There are three cases of the above construction that will be of special interest.
First, take each Ui to be the collection of constant sequences in Ai ; that is, Ui consists of
all sequences U = {U(i)n } in which U(i)1 =U(i)2 = · · · =U for some open neighbourhoodU
of 0 in Ai . It is easy to see that the Ui satisfy conditions (U-l) to (U-5). Then the topology
T ({Ui}) on A=∑i∈IAi is the box or rectangular topology. This topology is more directly
described as the subspace topology induced on A by the box topology on the full cartesian
product
∏
i∈IAi , which has as an open base the sets of the form
∏
i∈IUi , where Ui is
open in Ai for each i . We will denote the corresponding relatively open set A ∩∏i∈IUi
in A by
∑
i∈IUi . (We emphasise that while the term “box topology” is normally used for
the topology just mentioned on the full cartesian product, we shall use it from now on
exclusively for the induced topology on the subgroupA=∑i∈IAi .) A typical open neigh-
bourhood of 0 (denoted by N(Ui ) in the general case) will be denoted in the case of the
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box topology by N✷(Ui ) (so that N✷(Ui ) =∑i∈IUi ), and the box topology (denoted by
T ({Ui}) in the general case) will be denoted by T✷.
Second, for any abelian topological group G, and any open neighbourhoodU of 0 in G,
we define, following Kaplan [7],
(1/2)U = {x: x ∈U and 2x ∈U}.
(Indeed it is convenient for later if we permit (1/2)X to denote {x: x ∈ X and 2x ∈ X}
for an arbitrary subset X of G.) It is easy to see that (1/2)U is again an open neigh-
bourhood of 0, and that (1/2)U is the union of all open neighbourhoods V of 0 such that
2V ⊆ U . (Simple examples show that 2((1/2)U) is not in general contained in U ; but
see Lemma 4.7, below.) Inductively, we now define a descending sequence of open neigh-
bourhoods (1/2n)U of 0, by setting (1/2n)U = (1/2)(1/2n−1)U , for n = 2,3, . . . . (It is
also convenient at times to permit n= 0 in the construction, and to interpret (1/20)U asU .)
It is easy to check (using, for example, observations made by Kaplan) that the collection of
all descending sequences U = {Un}, where Un = (1/2n)U for some open neighbourhood
U of 0 in G, forms a compatible collection in G.
If we form the topology on A =∑i∈IAi induced by the collections Ui constructed in
this way on each group Ai , then we have the asterisk topology, introduced by Kaplan [7]
in his proof that a (full cartesian) product of reflexive Hausdorff abelian topological groups
with the Tychonoff topology is again reflexive. We will denote a typical open neigh-
bourhood N(Ui ) of 0 in the asterisk topology by N∗(Ui ), and we will denote the asterisk
topology T ({Ui}) itself by T∗.
Our third case is where we take Ui to be the collection of all descending sequences of
open neighbourhoods of 0 in Ai for each i . Again, clearly, Ui is a compatible collection
in Ai for each i . Here, we denote the corresponding open neighbourhoods N(Ui ) in A by
N(Ui ), and the topology T ({Ui}) by T .
Theorem 2.2. The topological group (
∑
i∈IAi,T) is the coproduct of the family {Ai} in
the category of abelian topological groups.
Proof. First, by Theorem 2.1, T induces the original topology on each factor group Ai .
Second, T induces a topology on A = ∑i∈IAi which is at least as strong as the
coproduct topology. To see this, let U be an open neighbourhood of 0 in the coproduct
topology, choose another open neighbourhood V of 0 such that 2V ⊆ U , and, setting
V0 = V , choose a sequence V1,V2,V3, . . . of open neighbourhoods of 0 in the coproduct
topology satisfying
2V1 ⊆ V0, 4V2 ⊆ V1, 8V3 ⊆ V2, . . . , 2nVn ⊆ Vn−1, . . . . (5)
For each i ∈ I and each n ∈ N, set U(i)n = Vn ∩ Ai , and for each i , write Ui =
{U(i)1 ,U(i)2 , . . .}. Clearly, the U(i)n are open in Ai , and U(i)1 ⊇ U(i)2 ⊇ · · · , and the set
N =N(Ui ) is therefore in the open neighbourhood base at 0 which defines T . We claim
that N ⊆U .
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Fix (xi) ∈N . Then xi = 0 except when i lies in some finite set of indices, and this finite
set may be partitioned into disjoint sets of indices J and K such that (xj /Uj ) > 0 for j ∈ J
and (xk/Uk)= 0 for k ∈K . In particular,
(xi)=
∑
i∈I
xi =
∑
j∈J
xj +
∑
k∈K
xk and
∑
i∈I
(xi/Ui )=
∑
j∈J
(xj /Uj ) < 1.
For each j ∈ J , the number (xj /Uj ) has the form 1/2p for some positive integer p
which depends upon j . Let us represent the distinct values amongst these integers p as
n1 < n2 < · · ·< nr , and these values’ respective multiplicities as c1, c2, . . . , cr . Thus, we
have ∑
j∈J
xj ∈ c1Vn1 + c2Vn2 + · · · + crVnr ,
where, since
∑
j∈J (xj /Uj ) < 1, we have 1  cm  2nm − 1 for m = 1,2, . . . , r . Indeed,
by allowing zero values for the multiplicities (and interpreting 0V for any neighbourhood
V to mean {0}), we can write, more simply,∑
j∈J
xj ∈ c1V1 + c2V2 + · · · + cN−1VN−1 + cNVN, (6)
for some N ∈N, where 0 cm  2m − 1 for m= 1,2, . . . ,N .
For each k ∈K , we have xk ∈ U(k)n = Vn∩Ak ⊆ Vn for all n ∈N, so for any n for which
2n  |K|, we have∑
k∈K
xk ∈ Vn + Vn + · · · + Vn︸ ︷︷ ︸
|K | times
= |K|Vn ⊆ 2nVn ⊆ Vn−1,
by (5). Thus, we have ∑k∈K xk ∈ Vn, for all sufficiently large n.
Therefore, reusing the notation of (6) above, we may extend (6) to read∑
j∈J
xj +
∑
k∈K
xk ∈ c1V1 + c2V2 + · · · + cN−1VN−1 + cNVN,
for some N ∈N, where 0 cm  2m − 1 for m= 1,2, . . . ,N . Therefore,
(xi) =
∑
j∈J
xj +
∑
k∈K
xk
∈ c1V1 + c2V2 + · · · + cN−1VN−1 + cNVN
⊆ (21 − 1)V1 + (22 − 1)V2 + · · · + (2N−1 − 1)VN−1 + (2N − 1)VN
⊆ 21V1 + 22V2 + · · · + 2N−1VN−1 + 2NVN.
Now, by applying (5) to each term, we find
21V1 + 22V2 + · · · + 2N−1VN−1 + 2NVN
⊆ V0 + V1 + V2 + V3 + · · · + VN−3 + VN−2 + VN−1
⊆ V0 + V1 + V2 + V3 + · · · + VN−3 + VN−2 + VN−2
⊆ V0 + V1 + V2 + V3 + · · · + VN−3 + VN−3
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⊆ V0 + V1 + V2 + V3 + · · · + VN−4
...
⊆ V0 + V1 + V2 + V2
⊆ V0 + V1 + V1
⊆ V0 + V0
= 2V
⊆U.
Hence, (xi) ∈ U , which proves the second assertion. Since the coproduct topology is the
strongest group topology on A inducing the original topologies on the factors Ai , we have
the result. ✷
2.3. Other topologies on the coproduct
Higgins [6] discusses two families of group topologies on A =∑i∈IAi in addition to
the box topology and the asterisk topology, which are in general distinct from each other
and from the coproduct topology. These topologies are of interest to us here, and we outline
the constructions.
First, Higgins introduces the p-topologies, for p > 0, a family of variants of the asterisk
topology. Using the same descending sequences (Ui ) that were used to define the asterisk
topology, write
Np(Ui )=
{
(xi) ∈A:
∑
i∈I
(xi/Ui )p < 1
}
,
for each real number p > 0. These sets define, for each fixed p, a group topology on A,
which Higgins calls the p-topology, and we denote by Tp . Clearly, T1 = T∗.
Second, Higgins introduces a more general family of variants of the asterisk topology.
Given a function f which satisfies the conditions
(i) f (0)= 0,
(ii) f is continuous at 0, and (7)
(iii) f is strictly increasing on [0,1],
and with the (Ui ) as for the asterisk topology, write
N{f }(Ui )=
{
(xi) ∈A:
∑
i∈I
f (xi/Ui ) < 1
}
.
Again, these sets define, for each fixed f , a group topology on A, which we denote by
T{f }. Clearly, T{f } = Tp if f is the function f (t)= tp .
We now introduce a still more general family of variants of the asterisk topology. Given
a family of functions {fi} ≡ {fi}i∈I satisfying the conditions (7), and with the (Ui ) again
the same, write
N{fi }(Ui )=
{
(xi) ∈A:
∑
i∈I
fi(xi/Ui ) < 1
}
.
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Once again, these sets define, for each family {fi}, a group topology onA, which we denote
by T{fi }. Clearly, T{fi } = T{f } if fi = f for each i .
Finally, for completeness, we mention the subspace topology induced on A by the
Tychonoff product topology on the full cartesian product
∏
i∈IAi . We denote this topology
by T$.
3. Relations between the topologies
In this section, we examine the relations amongst the various topologies, and especially
the question of equality between the coproduct topology and the other topologies.
3.1. Extensions to Higgins’s work
We note that there is only one group topology on a finite coproduct which induces the
original topology on all the factor groups. Thus, in the case where the index set I is finite,
all of the topologies introduced above are equal to the coproduct topology.
In the case where I is countable, Roelcke and Dierolf [11, p. 61] (see Theorem 3.3
below) prove a statement which implies that the box topology and the coproduct topology
are equal (and are therefore, by Theorem 3.1 below, also equal to the asterisk topology
and the p-topologies). (The result of [11] is stated in a form which applies to groups that
are not necessarily abelian, but reduces to our statement in the abelian case.) The case
of a countable coproduct of locally compact Hausdorff abelian topological groups had
been settled earlier, in [1]. The result of [11] also subsumes Theorem 1 of Kaplan [7],
which states that the box topology and the asterisk topology are equal on all countable
coproducts. In Theorem 3.10, below, we resolve completely the question of when the box
and coproduct topologies coincide.
We have the following straightforward relations between the above topologies (cf. [7,6]
and our earlier remarks).
Theorem 3.1. For all coproducts:
• T$ ⊆ T✷ ⊆ Tq ⊆ Tp ⊆ T , for 0 <p  q ;
• T1 = T∗;
• T{f } = Tp if f is the function f (t)= tp ; and
• T{fi } = T{f } if fi = f for each i .
Higgins [6] considers the following condition on an abelian topological group:
There is an open neighbourhoodU of 0 such that every neighbourhood of 0
contains a set (1/2n)U, for some n ∈N. (8)
He shows that if the index set I is uncountable, and if eachAi is non-discrete and Hausdorff
and has property (8), then Tp is strictly finer than Tq whenever 0 < p < q , and it follows
that none of the topologies T$,T✷,T∗ and Tp (for any p > 0) is equal to T . (It is also
shown in [11] that T✷ is strictly weaker than T on an uncountable coproduct of copies
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of R; clearly, R has property (8).) Moreover, there are functions f for which the topology
T{f } is strictly finer than the supremum of all the topologies Tp , so this supremum is also
strictly weaker than T .
In contrast to the last statement, we have the following result.
Theorem 3.2. Suppose that each abelian topological group in the family {Ai} has
property (8). Then the coproduct topology T on A =∑i∈IAi is the supremum of the
topologies T{fi }, taken over all families {fi} of functions satisfying the conditions (7).
Proof. Fix a defining open neighbourhoodN(Ui ) of 0 in A, where Ui = {U(i)1 ,U(i)2 , . . .}
for each i . By hypothesis, there is for each i an open neighbourhood Vi of 0 in Ai such
that every neighbourhood of 0 in Ai contains a set (1/2n)Vi for some n. Therefore, for
each fixed i , there are integers nij , without loss of generality increasing in j , such that
(1/2nij )Vi ⊆ U(i)j+1 for all j . Define the function fi by linear interpolation between the
values
fi
(
1/2nij
) = 1/2j , for j ∈N,
fi(0) = 0,
fi(1) = 1.
Clearly, fi is continuous, and because the nij were chosen to be increasing in j , it follows
that fi is strictly increasing, and is therefore a function satisfying the conditions (7). We
claim that, with Vi = {(1/2n)Vi} for all i , we have N{fi }(Vi )⊆N(Ui ).
Consider a fixed element (xi) ∈N{fi }(Vi ), so that we have∑
i∈I
fi(xi/Vi ) < 1,
and consider a fixed index i . If fi(xi/Vi ) = 0, then there is an integer j such that
xi ∈
(
1/2nij
)
Vi and xi /∈
(
1/2ni(j+1)
)
Vi,
so that
1
2ni(j+1)
< (xi/Vi ) 12nij ,
and therefore, since fi is strictly increasing,
1
2j+1
< fi(xi/Vi ) 12j .
But since xi ∈ (1/2nij )Vi , we also have xi ∈ U(i)j+1, and so (xi/Ui )  1/2j+1, giving
(xi/Ui ) < fi(xi/Vi ). If fi(xi/Vi ) = 0, then clearly (xi/Vi ) = 0, which implies that xi ∈
(1/2n)Vi for all n, and hence that xi ∈ U(i)j for all j , so that (xi/Ui ) = fi(xi/Vi ) = 0.
Therefore, in both cases, we have (xi/Ui ) fi(xi/Vi ). Since this holds for all i , we have∑
i∈I (xi/Ui ) < 1, giving (xi) ∈ N(Ui ), and we conclude that N{fi }(Vi ) ⊆ N(Ui ), as
required. ✷
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The exact extent of the class of groups with property (8) is not clear: such groups
are first countable, and therefore metrizable if Hausdorff, but not all metrizable groups
have property (8). Clearly, the groups R (as noted) and T both have the property. On the
other hand, consider the Hartman–Mycielski extension Z∗2 of the discrete cyclic group Z2
(see [4]). This group is path-connected, locally path-connected, metrizable and abelian,
and inherits the identical relation 2x = 0 from Z2. Clearly, a group of exponent 2 satisfies
U = (1/2)U = (1/4)U = · · · for any U , and so, if it is Hausdorff, will have property (8)
only if it is discrete. Thus, Z∗2 does not have property (8).
Note that groups of any finite exponent provide similar examples. It is easy to see that
for every open neighbourhoodU of 0 in an abelian topological group G, we have
(1/2)U = {x: x,2x ∈G},
(1/4)U = {x: x,2x,4x ∈G},
...
(1/2n)U = {x: x,2x,4x, . . . ,2nx ∈G},
...
and it is therefore clear that if G is of finite exponent, then every sequence U, (1/2)U,
(1/4)U, . . . must be eventually constant.
3.2. The relations between the topologies T ({Ui})
Since the statement is important in what follows, and the proof is short, we reproduce
the result of Roelcke and Dierolf mentioned earlier.
Theorem 3.3 [11, p. 61]. If the index set I is countable, then the box topology T✷ and the
coproduct topology T on A=∑i∈IAi are equal.
Proof. We may assume that I is countably infinite, and we may then take I = N without
loss of generality. Let U0 be an arbitrary open neighbourhood of 0 in (A,T), and choose
open neighbourhoodsUn of 0 in (A,T) for all n 1 such that 2Un+1 ⊆Un for all n 0.
Now let Vn be an open neighbourhood of 0 in An for each n such that Vn ⊆ Un∩An. Then
it is straightforward to verify that the box neighbourhood
∑
n∈N Vn lies inside U0, giving
the result. ✷
The following lemma records a restricted type of associativity in the formation of the
topologies T ({Ui}), paralleling the general categorical associativity, noted earlier, which
holds for the coproduct topology.
Lemma 3.4. Let {Ai} = {Ai}i∈I be a family of abelian topological groups, and suppose
that Ui is a compatible collection of descending sequences of open neighbourhoods of 0
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in Ai for each i ∈ I . Let the index set I be partitioned into disjoint subsets J and K . Then
the natural algebraic isomorphism between(∑
i∈I
Ai,T
({Ui})) and (∑
j∈J
Aj ,T
({Uj }))×(∑
k∈K
Ak,T
({Uk}))
(with the usual product topology on the right-hand side) is a topological isomorphism.
Proof. We freely identify the two groups algebraically under the natural isomorphism.
First, suppose that N(Uj ) × N(Uk) is a typical basic open neighbourhood of 0 on the
right. Define (Ui ) by the identification (Ui ) ≡ ((Uj ), (Uk)). Then if (xi)i∈I ∈ N(Ui ), we
have
∑
i∈I (xi/Ui ) < 1, and hence
∑
j∈J (xj /Uj ) < 1 and
∑
k∈K(xk/Uk) < 1, so that
(xi) ≡ ((xj ), (xk)) ∈ N(Uj ) × N(Uk). Therefore, the topology on the left contains that
on the right.
Second, suppose that N(Ui ), where Ui = {U(i)n } for all i , is a typical basic open neigh-
bourhood of 0 on the left. Define (Uj ) and (Uk) by the identification (Ui )≡ ((Uj ), (Uk)).
Using condition (U-2), find (Vj ) and (Vk) with Vj = {V (j)n } and Vk = {V (k)n } such that
V
(j)
n ⊆ U(j)n+1 and V (k)n ⊆ U(k)n+1 for all j ∈ J , k ∈ K and n ∈ N. Then it is easy to see
that ((xj ), (xk)) ∈N(Vj )×N(Vk) implies that (xi)≡ ((xj ), (xk)) ∈N(Ui ). Therefore, the
topology on the right contains that on the left, completing the proof. ✷
Lemma 3.5. If U = {Un} and V = {Vn} are two descending sequences of open neigh-
bourhoods of 0 in an abelian topological group G, and if there exists n ∈ N such
that Un\Vn = ∅, then either (i) there exists n ∈ N such that Un\(Vn ∪ Un+1) = ∅, or
(ii) (⋂∞n=1Un)\(⋂∞n=1 Vn) = ∅.
Proof. Suppose that (i) is false. Then for every fixed n, we have
Un ⊆ Vn ∪Un+1
⊆ Vn ∪ Vn+1 ∪Un+2
= Vn ∪Un+2
⊆ Vn ∪ Vn+2 ∪Un+3
= Vn ∪Un+3
...
and so Un ⊆ Vn ∪Un+k for all k  1. Therefore,
Un ⊆ Vn ∪
( ∞⋂
k=1
Un+k
)
= Vn ∪
( ∞⋂
k=1
Uk
)
.
Now suppose also that there exists n0 ∈ N such that Un0\Vn0 = ∅, and choose x so that
x ∈ Un0 and x /∈ Vn0 . Then Un0 ⊆ Vn0 ∪ (
⋂∞
k=1 Uk) gives x ∈
⋂∞
k=1Uk , while x /∈ Vn0
gives x /∈⋂∞k=1 Vk , and (ii) therefore follows. ✷
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The proof of the following result is straightforward.
Lemma 3.6. Suppose that homeomorphisms between topological spaces are given as
follows:
(X,ρ) (Y,σ )× (Z, τ ) and (X,ρ′) (Y,σ ′)× (Z,τ ′).
Then ρ ⊆ ρ′ if and only if σ ⊆ σ ′ and τ ⊆ τ ′.
With the aid of the above results, we now derive a simple necessary and sufficient
condition for one topology defined by descending sequences to be contained in another.
If U and V are both compatible collections of descending sequences of open neigh-
bourhoods of 0 in an abelian topological group G, we will write U ≺V to mean that for
all {Vn} ∈V there exists {Un} ∈ U such that Un ⊆ Vn for all n ∈N.
Theorem 3.7. Let {Ai} be a family of abelian topological groups. Suppose that Ui and
Vi are compatible collections of descending sequences of open neighbourhoods of 0 in Ai
for each i ∈ I . Then T ({Ui})⊆ T ({Vi}) if and only if Vi ≺ Ui for all but countably many
indices i .
Proof. For the reverse implication, suppose that the index set I is partitioned into disjoint
subsets J and K such that J is countable and Vk ≺ Uk for all k ∈K . Now we have(∑
i∈I
Ai,T
({Ui})) ∼= (∑
j∈J
Aj ,T
({Uj }))× (∑
k∈K
Ak,T
({Uk}))
∼=
(∑
j∈J
Aj ,T
({Vj }))×(∑
k∈K
Ak,T
({Uk})),
where the natural algebraic isomorphisms denoted by “∼=” are both topological isomor-
phisms, by Lemma 3.4 and Theorem 3.3, respectively. Similarly, we have(∑
i∈I
Ai,T
({Vi}))∼= (∑
j∈J
Aj ,T
({Vj }))× (∑
k∈K
Ak,T
({Vk})).
Therefore, if we can show that T ({Uk})⊆ T ({Vk}), it will follow that T ({Ui})⊆ T ({Vi}).
That is, it suffices to prove the implication in the case where the given condition holds for
all i ∈ I .
Thus we assume that, given (Ui ) ∈∏i∈IUi with Ui = {U(i)n }, there exists (Vi ) ∈∏i∈IVi
with Vi = {V (i)n } such that Vi ≺ Ui for each i ∈ I . By definition, we have V (i)n ⊆ U(i)n for
all n and for all i . But from this, we clearly have (x/Ui)  (x/Vi ) for all x ∈ Ai , and it
follows immediately that N(Vi )⊆N(Ui ). Therefore, T ({Ui})⊆ T ({Vi}).
For the forward implication, consider first the case where the index set I is uncountable
and Vi ⊀ Ui for all i ∈ I . From this, there exists (Ui ) with Ui = {U(i)n }, which we keep
fixed, such that for all (Vi ) with Vi = {V (i)n }, there is for each i ∈ I an n ∈ N for which
V
(i)
n \U(i)n = ∅. Consider any fixed (Vi ). Then by Lemma 3.5, at least one of the sets
I1 =
{
i ∈ I : there exists n ∈N such that V (i)n \
(
U(i)n ∪ V (i)n+1
) = ∅}
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and
I2 =
{
i ∈ I :
( ∞⋂
n=1
V (i)n
)
\
( ∞⋂
n=1
U(i)n
)
= ∅
}
is uncountable.
Suppose that I1 is uncountable. Then for all i ∈ I1, there exists ni ∈N such that
V (i)ni \
(
U(i)ni ∪ V (i)ni+1
) = ∅.
Since I1 is uncountable, there is an integerm such that ni =m for an (uncountable) infinity
of indices i ∈ I1. Choose arbitrarily any set I ′1 of exactly 2m−1 indices with this property,
and let (xi) ∈ A be defined by choosing xi ∈ V (i)m \ (U(i)m ∪ V (i)m+1) when i ∈ I ′1, and by
setting xi = 0 when i ∈ I\I ′1. Then∑
i∈I
(xi/Vi )=
∑
i∈I ′1
(xi/Vi )=
∣∣I ′1∣∣× 12m = 2m−1 × 12m = 12 ,
and so (xi) ∈N(Vi ). But∑
i∈I
(xi/Ui )=
∑
i∈I ′1
(xi/Ui )
∣∣I ′1∣∣× 12m−1 = 2m−1 × 12m−1 = 1,
so that (xi) /∈N(Ui ). Therefore, N(Vi ) ⊆N(Ui ).
Now suppose that I2 is uncountable. Then for all i ∈ I2, we have (⋂∞n=1 V (i)n ) \
(
⋂∞
n=1U
(i)
n ) = ∅, so that for all i ∈ I2, there exists ni ∈ N and xi ∈ ⋂∞n=1 V (i)n such
that xi /∈ U(i)ni . Since I2 is uncountable, there is an integer m such that ni = m for an
(uncountable) infinity of indices i ∈ I2. Let F ⊆ I2 be any fixed finite set of indices with
this property, and let (x ′i) ∈A be defined by setting x ′i = xi for all i ∈ F , and x ′i = 0 when
i ∈ I\F . Then (x ′i ) ∈N(Vi ), since∑
i∈I
(
x ′i/Vi
)=∑
i∈F
(
x ′i/Vi
)= 0.
Also, ∑
i∈I
(
x ′i/Ui
)=∑
i∈F
(
x ′i/Ui
)
 |F | × 1
2m−1
.
Now if N(Vi )⊆N(Ui ), then we have (x ′i ) ∈N(Ui ), and so∑
i∈F
(
x ′i/Ui
)
< 1,
which gives |F | × (1/2m−1) < 1, and therefore |F | < 2m−1. But F can be chosen to
have any finite cardinality, so we have a contradiction, and again we conclude that
N(Vi ) ⊆ N(Ui ). Thus, we have N(Vi ) ⊆ N(Ui ) in both cases, and since this holds for
all (Vi ), we conclude that T ({Ui}) ⊆ T ({Vi}).
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In the general case, suppose that the index set I is partitioned into disjoint subsets J
and K such that K is uncountable and Vk ⊀ Uk for all k ∈ K . By Lemma 3.4, we have
topological isomorphisms(∑
i∈I
Ai,T
({Ui}))∼= (∑
j∈J
Aj ,T
({Uj }))×(∑
k∈K
Ak,T
({Uk}))
and (∑
i∈I
Ai,T
({Vi}))∼= (∑
j∈J
Aj ,T
({Vj }))× (∑
k∈K
Ak,T
({Vk})).
If it were the case that T ({Ui})⊆ T ({Vi}), it would follow by Lemma 3.6 that T ({Uk})⊆
T ({Vk}), which the preceding argument shows is false. Hence, T ({Ui}) ⊆ T ({Vi}) as
desired, and the proof is complete. ✷
3.3. Some applications
We wish here to explore some of the consequences of the results of Section 3.2 for the
box topology T✷, the asterisk topology T∗ and the coproduct topology T on the group
A =∑i∈IAi . Recall that these topologies are all instances of the general construction
given in Section 2.1 of the topologies T ({Ui}). The inclusions T✷ ⊆ T∗ ⊆ T were already
noted in Theorem 3.1, though they also follow easily from Theorem 3.7.
In the case where the smaller of the two topologies in Theorem 3.7 is the box topology,
the result takes on the following particularly simple form.
Theorem 3.8. Let {Ai} be a family of abelian topological groups. Suppose that Ui is a
compatible collection of descending sequences of open neighbourhoods of 0 in Ai for
each i ∈ I . Then T ({Ui}) = T✷ if and only if for all but countably many indices i , the
following condition holds: for each Ui = {U(i)n } ∈ Ui , there exists an open neighbourhood
V ≡ VUi of 0 in Ai such that V ⊆
⋂∞
n=1 U
(i)
n .
Recall that a topological space is a P -space if all countable intersections of its open sets
are open.
Lemma 3.9. A topological group G is a P -space if and only if for every descending
sequence {Un} of open neighbourhoods of the identity in G, ⋂∞n=1 Un contains a non-
empty open set.
Proof. The result holds for general (not necessarily abelian) topological groups, but
because of the commutative context we shall use additive notation for the proof.
Suppose that the intersection of every descending sequence of open neighbourhoods of
the identity contains a non-empty open set. Let U be a fixed open neighbourhood of the
identity, and choose symmetric open neighbourhoods U1,U2,U3, . . . of the identity such
that U1 ⊆ U and 2Un+1 ⊆ Un for all n. Then ⋂∞n=1 Un is a subgroup of G, which by
hypothesis contains a non-empty open set, and is therefore open. Thus, G has a basis
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at the identity of open subgroups. Further, let H1,H2,H3, . . . be a sequence of such
subgroups. By substituting the sequence H1, H1 ∩H2,H1 ∩H2 ∩H3, . . . , we may assume
that H1 ⊇ H2 ⊇ H3 ⊇ · · · ; and then, just as earlier, it follows that ⋂∞n=1 Hn is open. We
conclude that G has a basis H at the identity which consists of open subgroups and which
is closed under countable intersections.
Consider now a set V which is the intersection of a countable number of arbitrary open
sets in G. By the distributivity laws, V may be written as a union of sets of the form⋂∞
n=1(xn+Hn), where xn ∈G and Hn ∈H for all n. Now
⋂∞
n=1(xn+Hn) is either empty
or contains an element x , say; in the latter case, we have x ∈ xn+Hn for each n, implying
that xn +Hn = x +Hn for each n, so that
∞⋂
n=1
(xn +Hn)=
∞⋂
n=1
(x +Hn)= x +
∞⋂
n=1
Hn,
which is an open set because H is closed under countable intersections. Therefore, V is
open, and it follows that G is a P -space.
The converse is clear. ✷
We quoted earlier (Theorem 3.3) the result of [11] that the box and coproduct topologies
coincide on all countable coproducts. The following result resolves the question of the
equality of these topologies in general.
Theorem 3.10. Let {Ai} be a family of abelian topological groups. Then the box topology
T✷ on ∑i∈IAi equals the coproduct topology T if and only if all but countably many of
the {Ai} are P -spaces.
Proof. By Theorem 3.8, T✷ = T if and only if for all but countably many indices i ,
the intersection of each descending sequence of open neighbourhoods of 0 in Ai contains
another open neighbourhood. The result now follows immediately from Lemma 3.9. ✷
Theorem 3.8 also immediately yields the following criterion for equality of T✷ and T∗.
Theorem 3.11. Let {Ai} be a family of abelian topological groups. Then the box topology
T✷ on ∑i∈IAi equals the asterisk topology T∗ if and only if for all but countably many
indices i , the following condition holds: for every open neighbourhood U of 0 in Ai , there
exists an open neighbourhood V of 0 in Ai such that V ⊆⋂∞n=1(1/2n)U .
In strong contrast to the result of Higgins [6] mentioned following Theorem 3.1, we
have:
Theorem 3.12. For any family {Ai}, we have T✷ = T∗ if and only if T✷ = T∗ = Tp =
T{f } = T{fi} for all p > 0 and for all functions f and {fi} satisfying the conditions (7).
P. Nickolas / Topology and its Applications 120 (2002) 403–426 419
Proof. Only the forward implication requires proof, so assume that T✷ = T∗. By
Theorem 3.11, we can partition I into disjoint sets J and K such that J is countable
and such that the final condition of Theorem 3.11 holds for all i ∈K .
LetA=∑i∈IAi have one of the topologies Tp or T{f } or T{fi }, and letN be a basic open
neighbourhood of 0 in A. Then there are open neighbourhoods Ui of 0 in the respective
groupsAi for each i such that N is Np(Ui ) or N{f }(Ui ) or N{fi }(Ui ), as appropriate, where
Ui is the descending sequence {U(i)n } with U(i)n = (1/2n)Ui for each i .
Consider the group
∑
j∈J Aj , identified (algebraically) in the natural way with the
subgroup of
∑
i∈IAi generated by the groups {Aj : j ∈ J }, and consider the neighbourhood
N ∩ (∑j∈J Aj ) of 0 in ∑j∈J Aj . It is easy to see that N ∩ (∑j∈J Aj ) is of the form
Np(Uj ) orN{f }(Uj ) or N{fj }(Uj ), as appropriate. Now the subspace topology on
∑
j∈J Aj
is of course contained in the coproduct topology on
∑
j∈J Aj , so by Theorem 3.3, since J
is countable, N ∩ (∑j∈J Aj ) contains a box neighbourhood ∑j∈J Vj , for suitable open
neighbourhoods Vj of 0 in the respective groups Aj . It follows that if (xj ) ∈∑j∈J Vj ,
then we have
∑
j∈J (xj/Uj )p < 1 or
∑
j∈J f (xj /Uj ) < 1 or
∑
j∈J fj (xj /Uj ) < 1, as
appropriate.
For each k ∈ K , we can choose an open neighbourhood Vk of 0 in Ak such that
Vk ⊆⋂∞n=1(1/2n)Uk . Therefore, if (xk) ∈∑k∈K Vk , we have (xk/Uk)= 0 for each k ∈K ,
which implies that
∑
k∈K(xk/Uk)p = 0 or
∑
k∈K f (xk/Uk)= 0 or
∑
k∈K fk(xk/Uk)= 0,
as appropriate.
Finally, if we identify (xi) with ((xj ), (xk)), it easy to see that if (xi) ∈∑i∈I Vi then we
have (xi) in Np(Ui ) or N{f }(Ui ) or N{fi }(Ui ), as appropriate, so that all the topologies are
equal, as claimed. ✷
Unfortunately, it seems difficult to characterise in a more direct way the class of groups
singled out by Theorem 3.11. We will examine a subclass of this class about which we can
say more.
We will say that an open neighbourhood U of 0 in an abelian topological group G is
prime if (1/2)U = U (or, equivalently, if x ∈ U implies 2x ∈ U ). We will also say that G
is locally prime if it has a base at 0 of prime open neighbourhoods.
It is easy to see that locally prime groups satisfy the final condition of Theorem 3.11, so
that, by Theorems 3.11 and 3.12, we have the following result.
Theorem 3.13. If all but countably many abelian topological groups in the family {Ai}
are locally prime, then the topologies T✷,T∗,Tp,T{f } and T{fi } on the coproduct ∑i∈IAi
are equal for all p > 0 and for all functions f and {fi} satisfying the conditions (7).
Two classes of locally prime groups are easily identified: groups of finite exponent, by
the observation at the end of Section 3.1, and groups with topologies defined by open
subgroups. In particular, any group which is a P -space has a basis of open subgroups (cf.
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the proof of Lemma 3.9), and is therefore locally prime. We note some other facts about
this class of groups.
Proposition 3.14. The class of locally prime abelian topological groups is closed under
the formation of
(i) arbitrary subgroups,
(ii) arbitrary quotient groups, and
(iii) arbitrary cartesian products with the Tychonoff topology (or indeed with the box
topology);
and the class is therefore a variety of abelian topological groups in the sense of Morris [8]
(see also the bibliography of [8]).
The proof is straightforward. Note that (iii) yields many examples of locally prime
groups which are neither of finite exponent nor topologized by open subgroups: the
product
∏∞
n=1Z∗n of the Hartman–Mycielski groups Z∗n is (like its individual factors)
path-connected, locally path-connected, metrizable and abelian, but does not have finite
exponent, and indeed has elements of infinite order.
Thus, there are many connected locally prime abelian topological groups. The next result
shows that this is not the case if the hypothesis of local compactness is added.
Theorem 3.15. A locally compact Hausdorff abelian topological group is locally prime if
and only if it is totally disconnected.
Proof. A totally disconnected locally compact Hausdorff abelian topological group has an
open base at 0 of open subgroups [5, Theorem 7.7], so is locally prime, by our observation
above. For the converse, suppose first that G is a connected locally compact Hausdorff
abelian topological group. Then G is algebraically generated by any compact neigh-
bourhood of 0 [5, Theorem 7.4], and is therefore σ -compact. If G is non-trivial, then it has
a non-trivial continuous character γ , which maps G to a non-trivial connected subgroup of
T, and therefore maps G onto T. Because G is σ -compact, the open mapping theorem [5,
Theorem 5.29] implies that γ is open, and in particular is a quotient mapping. Hence, if G
were locally prime, then so would T be, by Proposition 3.14(ii), while it is clear that T has
no prime open neighbourhood of the identity other than the whole group. Therefore, the
only locally prime connected locally compact Hausdorff abelian topological group is the
trivial group, and it follows by Proposition 3.14(i) that every locally prime locally compact
Hausdorff abelian topological group is totally disconnected, as required. ✷
In the circumstances of Theorem 3.13, it is not necessarily the case that the topologies
listed there are equal to the coproduct topology (and, indeed, in contrast to the situation
of Theorem 3.2, the coproduct topology may not even be the supremum of all those
topologies). A counterexample can be obtained, by Theorem 3.10, by taking the coproduct
of any uncountable family of abelian topological groups which are locally prime but are
not P -spaces, since for such a family we will have T = T✷. (On the other hand, a family
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of groups which are all P -spaces will, by Theorem 3.10, make all the topologies equal,
since then T = T✷.) Thus we may, for example, take as our groups any uncountable
family of Hartman–Mycielski groups Z∗n (for n > 1). We can also, by Theorem 3.15, find
a family of locally compact groups with the desired property, provided that the groups are
also totally disconnected. Suitable examples are the groups Z(p∞): these are compact and
totally disconnected, but on the other hand, are not P -spaces, since they are metrizable,
and metrizable P-spaces are obviously discrete (see also Lemma 4.8, below).
We do not have an example of a group satisfying the final condition of Theorem 3.11
which is not locally prime.
4. Reflexivity of the coproduct
In this section, we analyse the reflexivity properties of the topological coproduct, first
finding a general necessary and sufficient condition for the reflexivity of the coproduct, and
then applying the condition to the case of a coproduct of locally compact groups.
4.1. General coproducts
The main theorem of Kaplan [7] is that a (full cartesian) product of a family {Ai}
of reflexive Hausdorff abelian topological groups with the Tychonoff topology is again
reflexive, and that its dual group is the weak direct sum of the dual groups of the {Ai}
equipped with the asterisk topology. Part of Kaplan’s analysis is his Theorem 2, which
locates the compact subsets of a weak direct sum topologized with the box topology. We
quote the result.
Theorem 4.1 (Kaplan [7]). Let ∑i∈IAi be the weak direct sum of a family {Ai} of
Hausdorff abelian topological groups, equipped with the box topology T✷. If C is a
compact set in
∑
i∈IAi , then C is contained in a finite subproduct of the {Ai}, in the
sense that the projection of C into Ai is non-zero for only a finite number of indices i .
In fact, a slight refinement of Kaplan’s argument shows that the same conclusion holds
for the weaker topology which has an open base of sets
∑
i∈IUi , where Ui is open in Ai
for each i and Ui =Ai except for a countable set of indices i .
Using Kaplan’s theorem, we can easily locate the compact sets in all of the topologies
containing the box topology which we have discussed in this paper.
Theorem 4.2. If T is any Hausdorff group topology on ∑i∈IAi which induces the given
topologies on the {Ai}, and if T✷ ⊆ T , then T has exactly the same compact sets as T✷; in
particular, each of these sets is contained in a finite subproduct of the {Ai}.
Proof. Clearly, the containment T✷ ⊆ T implies that if C is a compact set in T , then C
is also compact in T✷. Conversely, if C is compact in T✷, then by Kaplan’s theorem, C is
contained in a finite subproduct of the {Ai}. But it is easy to prove (and was noted earlier, in
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Section 3) that any group topology on ∑i∈IAi which induces the given topologies on the
{Ai} must induce the Tychonoff product topology on each finite subproduct of ∑i∈IAi .
Therefore, the finite subproduct of (
∑
i∈IAi,T✷) which contains C occurs with the same
topology as a subproduct of (
∑
i∈IAi,T ), and so C is also compact in T . ✷
It is easy to see that the universal property which defines the topological coproduct
A= (∑i∈IAi,T) induces a natural algebraic isomorphism between the groups ∏i∈I Âi
and Aˆ (where “̂ ” signifies the dual group).
Theorem 4.3. If {Ai} is a family of reflexive Hausdorff abelian topological groups and
A=∑i∈IAi , then the dual groups ( Â,T∗ ) and ( Â,T ) are both naturally topologically
isomorphic to the product group
∏
i∈I Âi with the Tychonoff topology.
Proof. One half of Kaplan’s main theorem (his Theorem D2) [7] shows that the dual group
( Â,T∗ ) is topologically isomorphic under the natural map Φ to the product group
∏
i∈I Âi
with the Tychonoff topology.
Further, the topology on the dual group ( Â,T∗ ) is the compact-open topology, which
depends only on the compact subsets of A in the topology T∗ (and on the open subsets
of T). Therefore, since ( Â,T ) is algebraically isomorphic to
∏
i∈I Âi under the same
map Φ , and since (A,T∗) and (A,T) have precisely the same compact sets, their duals
( Â,T∗ ) and ( Â,T ) must both be topologically isomorphic to
∏
i∈I Âi under Φ . ✷
We now derive a necessary and sufficient condition for the reflexivity of a general
topological coproduct.
Theorem 4.4. If {Ai} is a family of reflexive Hausdorff abelian topological groups and
A=∑i∈IAi , then the topological coproduct (A,T) is reflexive if and only if T = T∗.
Proof. The other half of Kaplan’s main theorem (his Theorem D1) shows that the dual
group of the product
∏
i∈I Âi is naturally topologically isomorphic to (A,T∗). Therefore,
by Theorem 4.3, the second dual of (A,T) is naturally topologically isomorphic to
(A,T∗), and the result follows. ✷
Of course, by a similar argument, a similar conclusion to that of Theorem 4.4 holds for
all of the topologies discussed earlier which are intermediate between the asterisk topology
and the coproduct topology.
4.2. Coproducts of locally compact groups
Using Theorem 4.4, we derive the following characterisation of reflexivity in the case of
a family of locally compact Hausdorff abelian topological groups.
Theorem 4.5. The coproduct of a family {Ai} of locally compact Hausdorff abelian
topological groups is reflexive if and only if all but countably many of the {Ai} are discrete.
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The proof occupies the remainder of Section 4.2.
Consider the coproduct of a family in which all but countably many groups are discrete.
Then the coproduct of the discrete subfamily is discrete, and hence locally compact, so the
entire coproduct reduces to the coproduct of a countable family of locally compact groups,
and is therefore reflexive, by Theorems 3.3 and 4.4.
For the converse, suppose that the coproduct (∑i∈IAi,T) is reflexive. By Theorem 4.4,
we have T = T∗, and by Theorem 3.7, it follows that for all but countably many indices i ,
the group Ai satisfies the following condition:
For every descending sequence U = {Un} of open neighbourhoods of 0, there
exists an open neighbourhood V of 0 such that (1/2n)V ⊆Un for all n 1. (9)
We will show that a locally compact Hausdorff abelian topological group satisfying
condition (9) must be discrete, which will complete the proof of Theorem 4.5. The proof
is broken into a number of steps, after three preliminary lemmas.
We will need to consider the following condition on an abelian topological group:
For each open neighbourhoodU of 0, there exists an open neighbourhood
V of 0 such that V ⊆U and 2((1/2n+1)V )⊆ (1/2n)V for all n 0. (10)
Lemma 4.6. If G satisfies condition (9) or condition (10), then so does every subgroup
of G.
Proof. Both statements of the lemma can be proved straightforwardly using the following
easily checked observations: (i) if A and B are arbitrary subsets of G, then(
1/2n
)
(A∩B)= ((1/2n)A)∩ ((1/2n)B) for all n;
and (ii) if H is a subgroup of G, then(
1/2n
)
H =H for all n. ✷
Lemma 4.7. If G is a compact Hausdorff abelian topological group, then G satisfies
condition (10). Further, if G is any abelian topological group, and if V is any open neigh-
bourhood of 0 in G with the property (from condition (10)) that 2((1/2n+1)V )⊆ (1/2n)V
for all n 0, then for all m,n ∈ N with m n, we have (i) 2m((1/2n)V ) ⊆ (1/2n−m)V ,
and (ii) W = (1/2n)V is the (unique) largest open neighbourhood of 0 such that 2mW ⊆
(1/2n−m)V .
Proof. In the circle group T, regarded as the multiplicative group of complex numbers of
modulus 1, each open neighbourhood U of the identity clearly contains an open neigh-
bourhood V of the identity of the form V = {e2π iθ : −r < θ < r}, for some r satisfying
0< r  12π , and it is clear that for such a V we have
2
((
1/2n+1
)
V
)= (1/2n)V for all n (11)
(or (V 1/2n+1)2 = V 1/2n , to use multiplicative notation).
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It is easy to see that for any full cartesian product
∏
i∈IGi of abstract groups {Gi},
and for arbitrary subsets Xi ⊆Gi for each i , we have (1/2)(∏Xi)=∏((1/2)Xi), and it
follows that in an arbitrary product of copies of T, with the Tychonoff topology, each open
neighbourhood U of the identity contains an open neighbourhood V of the identity with
property (11). But every compact Hausdorff abelian topological group can be embedded
as a subgroup of such a product, so must satisfy condition (10) by Lemma 4.6.
Now let V be any open neighbourhood of 0 in an arbitrary abelian topological group G,
and suppose that V satisfies the stated property from condition (10). Then the assertion
2m((1/2n)V )⊆ (1/2n−m)V follows by induction on m for each fixed n, giving (i).
Observe that for any open neighbourhoodU of 0, (1/2)U is the union of all open neigh-
bourhoodsW such that 2W ⊆U (this was noted earlier, in Section 2.2). The statement that
2((1/2)U) ⊆ U therefore implies that W = (1/2)U is the (unique) largest open neigh-
bourhood of 0 such that 2W ⊆ U . If we now rewrite the statement 2((1/2n+1)V ) ⊆
(1/2n)V as
2
(
(1/2)
(
1/2n
)
V
)⊆ (1/2n)V,
we therefore see that W = (1/2)(1/2n)V = (1/2n+1)V is the (unique) largest open neigh-
bourhood of 0 such that 2W ⊆ (1/2n)V , giving (ii) when m= 1. The general case of (ii)
now follows by induction on m for each fixed n. ✷
We note that we cannot guarantee that a group satisfies condition (10) without imposing
restrictions on the group: the Hartman–Mycielski group Z∗2 satisfies (1/2)V = V for all
open neighbourhoods V , so if V is chosen to be symmetric and proper, then the condition
2((1/2)V )⊆ V implies that V is a proper open subgroup, contradicting the connectedness
of Z∗2.
The next result is well known (see, for example, [3, Exercise 4K1]), and easily proved.
Lemma 4.8. Every locally compact Hausdorff P -space is discrete.
We now prove that a locally compact Hausdorff abelian topological group G satisfying
condition (9) must be discrete.
(I) Suppose that G is totally disconnected. Then G has a local base at 0 of open
subgroups (as noted in Theorem 3.15), and so the open neighbourhood V in condition (9)
can be taken to be a subgroup. Since then (1/2n)V = V for all n, it follows that for every
descending sequence {Un} of open neighbourhoods of 0, the intersection⋂∞n=1 Un contains
a non-empty open set. By Lemma 3.9, G is a P -space, and since G is also locally compact
and Hausdorff, Lemma 4.8 shows it to be discrete.
(II) If G is an arbitrary locally compact Hausdorff abelian topological group, then it is
well known (see [5, Theorem 9.14]) that the connected componentC of 0 in G has the form
Rn ×K , where n 0 and K is compact and connected. By Lemma 4.6, the condition (9)
is inherited by subgroups, and it is clear that R does not satisfy condition (9), so we must
have n= 0. That is, the connected component C is compact.
We now consider in several stages the case where our group G is compact.
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(III) Suppose that G is compact and metrizable. Using the metrizability of G, we
may choose in G a descending sequence {Un} of open neighbourhoods of 0 such that
2nUn+1 ⊆Un for all n, such that ⋂∞n=1 Un = {0}, and such that the {Un} form a local open
base at 0. Using condition (9) and Lemma 4.7, choose V such that (1/2n)V ⊆ Un for all
n 1 and such that 2((1/2n+1)V )⊆ (1/2n)V for all n 0.
Since the {Un} form a local open base at 0, there exists N ∈ N such that UN ⊆ V , and
then since
2UN+1 ⊆ 2NUN+1 ⊆ UN ⊆ V,
and since, by Lemma 4.7, W = (1/2)V is the largest open neighbourhood of 0 such
that 2W ⊆ V , we have UN+1 ⊆ (1/2)V . Continuing by induction, we find that UN+k ⊆
(1/2k)V for all k. Therefore, for all k, we have
2N+k
(
1
2N+k+1
V
)
⊆ 2N+kUN+k+1 ⊆UN+k ⊆ 12k V .
Taking k = 2, we have 2N+2(1/2N+3)V ⊆ (1/4)V . We may rewrite this as
2N+1
(
2
(
1
2N+3
)
V
)
⊆
(
1
4
)
V,
and since, by our choice of V , the set W = (1/2N+3)V is the largest open neighbourhood
of 0 such that 2N+1W ⊆ (1/4)V , we have
2
(
1
2N+3
)
V ⊆
(
1
2N+3
)
V.
It follows that(
1
2N+3
)
V =
(
1
2N+4
)
V =
(
1
2N+5
)
V = · · · ,
and hence that
⋂∞
n=1(1/2n)V = (1/2N+3)V . But since
∞⋂
n=1
(
1
2n
)
V =
∞⋂
n=1
Un = {0},
we have (1/2N+3)V = {0}, and G is therefore discrete.
(IV) Suppose that G is compact and monothetic. Let a be the infinite sequence
(2,3,4, . . .), and let Σa and ∆a denote, respectively, the a-adic solenoid and the
a-adic integers (see [5, Section 10]). By [5, (25.12) and (25.7)], there is a continuous
homomorphism φ from the product group (Σa)c × ∆a onto our group G. Now Σa and
∆a are compact and metrizable, so the image under φ of each factor Σa, and of ∆a, in the
Hausdorff group G is compact and metrizable, and therefore, by (III), discrete. Further,
Σa is connected, so its images in G under φ are in fact trivial. This immediately implies
that the image under φ of the restricted direct sum of the copies of Σa in the full product
(Σa)
c is also trivial, and since the restricted direct sum is dense in the full product and G is
Hausdorff, it follows that the image of the full product (Σa)c itself under φ is trivial. Thus,
G= φ(∆a), and G is a compact and discrete, and therefore finite, group.
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(V) Suppose finally that G is a compact connected Hausdorff abelian topological
group satisfying condition (9). Each element, of course, topologically generates a compact
monothetic subgroup of G, which inherits condition (9) from G, and is therefore finite
and discrete, by (IV). Therefore, G is a compact abelian torsion group. Now by [5,
Theorem 25.9], G is a full cartesian product of discrete finite cyclic groups, and is in
particular totally disconnected. Since by hypothesis G is connected, it is therefore trivial.
Combined with the conclusions of (I) and (II), this statement completes the proof of
Theorem 4.5.
We have no example of an uncountable coproduct of (necessarily non-locally compact)
reflexive non-discrete Hausdorff abelian topological groups which is again reflexive. (The
author wishes to thank Salvador Hernández for his comments relating to this question.)
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